In this paper we extend th e unsteady lam inar boundary-layer m ethod of Cebeci to tu rb u len t boundary layers w ith flow reversal. Using th e algebraic eddy-viscosity form ulation of Cebeci and Sm ith, we consider several te st cases to investigate th e proposition th a t u n stead y tu rb u le n t boundary layers also rem ain free of singularities. Since th e accuracy of tu rb u len t flow calculations also depends on th e closure assum ption for th e R eynolds shear-stress term , we also perform calculations by using th e turbulence model of Bradshaw , Ferriss and A tw ell; we solve th e governing equations for both models by using the same num erical scheme and com pare th eir predictions, restricting th e com parisons to cases in which wall shear is positive. The study reveals th a t, as in lam inar flows, th e unsteady tu rb u le n t boundary layers seem to be free from singularities b u t th ere is a clear indication of rapid thickening of th e boundary layer w ith increasing flow reversal. The study also reveals th a t th e predictions of both turbulence models are the same for all practical purposes.
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I n troduction
The prediction of unsteady tu rb u len t boundary layers w ith flow reversal is of im portance in a num ber of aerodynam ic problems, n otably in dynam ic stall, buffeting and gust studies. However, some of th e more popular turbulence models im plicitly assume th a t the wall shear is positive, and their extension to unsteady flows w ith flow reversal is not easy. I t requires modifications to th e functional form of the law of the wall and to th e m anner in which th e wall shear is determ ined. Two near-wall assum ptions are considered here. In the first, th e near-wall grid point is located in the logarithm ic region and th e law of the wall is used to link th e flow properties a t this grid point to th e wall. In the second, a Van D riest form ulation due to Cebeci & Sm ith (1974) is used: this implies th a t the grid point closest to th e wall will occur in the viscous sublayer.
A further aspect of these flows of current interest is the possibility of a singularity occurring in the reversed-flow region. Exam ples of this phenom enon have also been reported in lam inar flows but, in earlier studies, Cebeci (1978 Cebeci ( , 1979 and B radshaw (1979) have shown th a t the occurrence is not a feature of the governing equations [ 291 ] b u t is due to the lim itations of the num erical procedure used. W e shall dem onstrate th a t, for the examples we study, there is no indication of such a singularity in turbulent flow either b u t there is a clear indication of rapid thickening of th e boundary layer.
In addition to the exam ination of wall functions, we have also considered two turbulence models for unsteady flows w ithout flow reversal. The algebraic eddyviscosity form ulation of Cebeci and Sm ith (C.S.) is com pared w ith th e tran sp o rt model of Bradshaw, Ferriss & Atwell (1967) (B.F.) . Calculations were perform ed to determ ine w hether the representation of unsteady flows w ith strong pressure gradients requires th a t account be taken of tran sp o rt of turbulence quantities. As will be shown, the predictions of both models are nearly identical for both steady and unsteady flows w ith and w ithout strong pressure gradients.
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G overning equations
The continuity and m om entum equations can be w ritten for tw o-dim ensional unsteady incompressible lam inar or tu rb u len t th in shear layers as (for n o tatio n see Appendix) du dv dxdy
Here r = v du/dy -u
and u' and v' denote fluctuations about th e ensem ble-average velocity; zero in unsteady lam inar flow, and v du/dy is negligib in a tu rb u len t flow. These equations are subject to th e usual boundary conditions, which for boundary layers are
The presence of the Reynolds stress term , -, introduces an additional unknow n to the system given by equations (2) In th e outer region em is defined by th e following form ula:
The boundary betw een th e inner and o uter regions is established by th e con tin u ity of th e eddy-viscosity form ulas.
In th e B .F. model, which is used only outside th e viscous sublayer, we assume t = -u'v' and w rite a single first-order p artial differential equation for i t ; th e equation was originally developed from th e tu rb u le n t energy equation b u t can be equally well regarded as an em pirical closure of th e exact shear-stress tra n sp o rt equation. This reads
H ere cq is a dimensionless q u an tity , VT is a velocity an param eter, specified algebraically (U)
In the B.F. model equations, th e inner boundary conditions for (1), (2) and (9) are applied outside th e viscous sublayer, usually a t yx 50v f u T. In th e steady-flow study reported in Cebeci et al. (1980) , these boundary conditions are:
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Tl = T (15)
Here vx is evaluated from the continuity equation (1), and a* and (2) on the assum ption th a t the velocity u is given by : is evaluated from (1)
for 0 < y< 2/1 > equation (13) is, of course, a special case of (16). The evaluation of a* is discussed in Cebeci et al. (1980) ; the last term in (15) can be as large as h alf the second (pressure-gradient) term . In unsteady flow w ith o u t flow reversal, we use th e same inner ' boundary ' conditions a t y x » 50 b u tim e-dependent term in (2), a* becomes more com plicated. I f we again assume th a t (16) holds-rem em b er th a t the turbulence stru ctu re of the inner layer is unlikely to be affected unless the external-stream frequency is very h ig h -th e n (1) and (2) give rvi du dp f^6(w 2) i -5 T (17) y=2/i T = Tw + Integrating, we can w rite
We can also w rite (18a) as dp T = T" + ^y 1 + v or as
where F = u /u T a t y = y x, and a* comes from th e last term in (186) and as in steady flow.
E quation (18c) now replaces (15).
Solution p r o c e d u r e
We use K eller's tw o-point finite-difference m ethod (called th e box m ethod) to solve the system of equations described in th e previous section. The application of this m ethod to unsteady flows w ith no flow reversal by using th e C.S. model has been described in Cebeci & Carr (1978) . Its application to steady tw o-dim ensional flows by using the B .F. model is described in Cebeci et al. 1980 . A description of th e extension of the C.S. model to unsteady tw o-dim ensional tu rb u len t flows with flow reversal as well as a description of the extension of th e B .F. model to u n steady tu rb u len t flows w ith no flow reversal is presented in Cebeci & Carr (1981) and is n o t described here.
R esults and discussion
To study the calculation of unsteady tu rb u len t boundary layers w ith and w ith o u t flow reversal we have considered three separate te st cases. The first one has an external velocity distribution of th e form u e = 1 -
where a is a positive constant. The same velocity distribution was recently used by Cebeci (1979) for lam inar flows to study th e com putation of unsteady lam inar flows w ith flow reversal w ith the aid of the solution procedure described in the previous section and to see whether there is a singularity associated w ith such flows.
In performing calculations for this case and for the others considered here, care must be taken in generating the initial conditions in the , y-and y-planes at some distance, say x = xQ . For a laminar flow, if x0 = 0, the initial velocity profile for the velocity distribution given by equation (19) can be taken as Blasius and there is no difficulty about computing the solution in x > 0 zero thickness. I f x0 # 0, we can take
there is a discontinuity in the pressure gradient. an already established boundary layer, the initial response is inviscid, leading formally to a velocity slip and hence a sub-boundary layer at the wall. The treat ment of the boundary layer is then rather subtle (see Cebeci et al. 1979 ) but if we are not too concerned w ith the details of the solution near x -xQ , which is the case here, a convenient procedure would be to write equation ( imposed as a function of a; and t. This test case differs from the previous one in that, once the flow separates, it does not reattach. For this reason, the calculations can only be continued as far as the station where the flow reversal first occurs. The initial velocity profiles at x = 1.24 and for all time correspond to a with a momentum thickness Reynolds number of 4860, and local skin-friction coefficient Cf of 2.8 x 10-3. As in the previous test case, we introduce a function so that at x = 1.24, dwe/do; = 0. Since we also want the solutions at 0 to correspond to steady-state solutions, we introduce another function F to set du equation (22) becomes we = 1 -a F^a : -1.24)*,
where
Figures 3-5 show the calculated local skin-friction coefficient Cf, the shape factor H and the momentum thickness Reynolds number Rd for this test case. The calcu lations were done by using both C.S. (solid lines) and B.F. (circles) models.
As seen from these three figures, there is essentially no difference between the predictions of both models. Although there is some discrepancy in the shape-factor predictions, this does not seem to be too significant.
According to the predictions of the C.S. model, which also has the capability of predicting unsteady boundary layers with flow reversal, the wall shear vanishes first around t « 0.22, x = 4.69. Since the computation of boundary layers for values of x in the range 1.24 < x^ 4.69 for t > 0.22 depends on the speci velocity profile a t x = 4.69, we generate such a profile by assum ing it is giv extrapolation of tw o velocity profiles com puted for x < 4.69. This procedure in which th e extrapolated statio n serves as a dow nstream boundary condition, allows the calculations to be continued in th e negative wall shear region as shown in figure 6 .
The third case considered in our study corresponds to case 5 in Carr (1977) , which resembles th e external velocity distribution in equation (19). I t is given by (24) where A = 0.05, B -3.4s-1, £ = (x -1.24)/3.45 and th e lim ited to 1.24 < x^ 4.69. As before, the initial velocity profiles a for all t correspond to a steady flat-plate flow w ith m om entum thickness R eynolds num ber R e -• 4860, and local skin-friction coefficient Cf = 2.89 x 10~3. We ag modify equation (24) to avoid th e discontinuity in th e pressure gradient. This tim e we m ultiply the right-hand side of equation (24) by th e F1 used in equation (23).
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Figures 7 and 8 show the calculated Cf and Re for this te st case. Again we present th e predictions of both turbulence models. Figure 9 shows th e calculated velocity profiles for several t-and .r-stations. As is seen from these figures, th e predictions of both turbulence models are th e same for all practical purposes. Figure 10 shows th e variation of wall shear p a ra m e te r/^ as a function of x and t, and figure 11 shows th e calculated velocity profiles, including th e regions in which there is flow reversal across th e boundary layer. These com putations, which are done by using the C.S. model, provide confirm ation of th e general tren d s in te st favour of this phenom enon has been advanced by Shen (1978) b u t we note th a t th e m ost definite sign of its occurrence appeared in his graphs of displacem ent thickness, which showed spiky characteristics. H ere th e displacem ent thickness seems to be fairly sm ooth b u t th e skin friction becomes spiky.
Concluding rem arks
Based on th e studies conducted in this paper, we observe t h a t :
(1) The num erical solution of unsteady lam inar and tu rb u len t boundary layers including the flow reversal across th e layer can be obtained quite satisfactorily for a given pressure distribution. A com bination of both regular and zigzag box schemes described in Cebeci & Carr (1981) is shown to yield accurate results for unsteady boundary layers.
(2) W hether the unsteady boundary layer equations for lam inar and tu rb u len t flows are singular for a given pressure distribution still rem ains to be investigated. The results for te st case 5 indicate th a t a t large tim es there is a puzzling ' kink ' in th e wall shear param eter, ; this m ay be due to a singularity or it m ay be due to a numerical problem. Recent studies conducted by Cebeci (1981) and van Dommelen & Shen (1980) for a circular cylinder started im pulsively from rest indicate th a t a t large times, t = 1.25 or more, there appears to be a singularity in 8* around ^ = However, these calculations do not indicate any puzzling behaviour in the wall shear param eter near singularity '; th e /^-v a lu es are sm ooth and well behaved for these and larger times. On th e other hand, exam ining th e £*-results for te st case 5, we find th a t while there is an abnorm al behaviour i n / v" a t large tim es, th e corre sponding £*-values are sm ooth and well behaved, a tren d which is opposite to th a t for a circular cylinder. (3) A comparison of th e predictions of th e C.S. and B .F. turbulence models indicates th a t for attach ed flows both models yield alm ost identical results. This is also tru e for flows th a t have a sufficiently strong pressure gradient to cause flow reversal across the layer. Bars and primes designate averages of fluctuating quantities in tu rb u le n t flow.
